Abstract
Introduction
In various applications of array signal processing such as radar, sonar, communications, and seismology, there is a growing interest in estimating the DOA of LFM signals by dint of time-frequency analysis tools. G.wang [1] proposed an iterative algorithm based on time-compensation, but the initial estimate is necessary. Using interpolation in the spatial time-frequency distribution matrices (STFD's) [2] , Gershman [3] extended the signal subspace technique and estimated effectively DOA of LFM signals, however Gershman's approach presences model biases in addition to time consuming. The above Wigner-Ville distribution (WVD) based methods consequentially suffer from the disturbance of cross-terms in the presence of multicomponent signals.
Using a new time-frequency analysis tool-FRFT, direction estimation of LFM signals has been proposed in Ref. [4] . But only maximal energy concentration point is selected as estimate data, easily interfered by surroundings.
In this paper, a new FRFT based algorithm is proposed. Firstly, Observed signals are separated into a number of single components by adding an adaptive filter in the FRF domain. Secondly, the separated components are demodulated into stationary signals.
Finally, the direction of LFM signals can be estimated by the traditional MUSIC method. This algorithm digs 2-D (dimension) time and frequency information without the initial estimate, frequency focusing and parameter partnership. With the increasing of the Signal-to-Noise (SNR), the mean Square Error (MSE) is quite closed to the Cramer-Rao bound (CRB) [5] , for multi-component signals, cross-terms and non-linear optimize operation are also avoided.
FRFT and array model

Definition and properties of FRFT
Recently the FRFT attracts more and more attention in the signal processing society, Namias [6] firstly introduced the mathematical definition of the FRFT. Then Almeida [7] analyzed the relationship between the FRFT and the WVD, and interpreted it as a rotation operator in the time-frequency plane. This characteristic makes FRFT especially suitable for the processing of LFM signals. The FRFT can be considered as a counterclockwise rotation from the time axis u to the axis with an angle , as illustrated by Fig.1 . 
Array model and description
Let a uniform linear array (ULA) of M sensors receive LFM sources from the D unknown directions 1 2 { , , , } D , as illustrated by Fig.2 . The observed signal at the output of the i th sensor can be described as From (6) and (7), we get the direction matrix is time-variant; however the traditional estimation method is merely suitable for time-invariant signal model. Therefore, the traditional method can not be used to the direction finding of LFM signals directly.
Proposed DOA estimation method
In this section, the main work is how to make the direction matrix time-invariant. The FRFT is actually a "Rotation" of signal in time-frequency plane. An LFM signal can be turned into an impulse in a proper fractional domain, for the ULA model, signal ( ) k s t will present an impulse while the rotation angle ' cot k k . There will be the energy concentration, consequently a distinct peak will appear in that FRF domain, whereas the noise energy is distributed much more symmetrically in the entire time-frequency plane and will not be concentrated in any FRF domain [9] .
Using (6) and (7), we get that path delay can not change the FM rates, so the impulse corresponding rotation angles of signal ( ) k s t are same in every sensor. Then equation (6) is rotated with angle ' k by the FRFT from two sides
Where, ). According to the rotation-addition property [8] , the two procedures above are equivalence to one time rotation with angle k viz. (4) and (5) 
Where,
From (11) 
From the above analysis, Using (11) and (15), the observed signals described by (6) are performed the FRFT with rotation angle k from two sides
(18) Where, T denotes the transpose of matrix. 
From (18) and (19), the direction matrix k k A is only relative to the direction information k , so the observed signal model has been time-invariant in the FRF domain.
In the FRF domain, the covariance matrix of the observed signal can be defined as , the space spectrum function of the k th source in the FRF domain can be given by [10] ( ) 1/( )
is performed an 1-D search and k can be obtain by the maximal peak rotation angle. Similarly, all the Direction of LFM signals can be estimated in turn. This algorithm is considered as FRFT based demodulation method.
To summarize, the proposed algorithm can be formulated as follows: 
Performance analysis and simulation
MSE and CRB analysis
The FRFT is a 1-D linear transform [8] , In the FRF domain 
Using Ref. [5] , the CRB of the proposed method in the FRF domain can be represented as
Where, 2 is the noise variance and I is unit matrix,
Similarly, the MSE of the proposed algorithm in the FRF domain can be represented as
Where, k XX R is covariance matrix of the observed signals, 11 [ ] denotes the first row and first line element of matrix.
From (24) and (25), it can be obtain that the MSE of the proposed method will be more and more closed to the CRB with the increasing of the sensor number and the SNR.
Simulation results
Simulation of FRFT and WVD
In order to validate the relationship between the FRFT and WVD, experiments of compute simulations are given. We assume a wideband LFM signal ( ) Fig.3, ( ) s t is performed the FRFT by the rotation angle 0.15 and get the transformed signal 0.15 ( ) just the rotation of the WVD of ( ) s t by angle 0.15 , meanwhile the figure shape is invariable. So the FRFT is testified a kind of rotation arithmetic operators in the time-frequency plane.
Simulation of proposed method
In order to validate the proposed method, experiments of compute simulations are given. We assume the ULA of we run 100 Monte-Carlo experiments, the MSE of the proposed method and original method are shown in Fig.5 . Obviously, the accuracy of our method has certain improvement comparing with the method proposed in the Ref. [4] .
In same assumption, the input SNR various from15dB to 6dB with an interval 3dB, 100 times MonteCarlo simulations are performed at each level of the SNR, MSE of the first signal and CRB are shown in Fig.6 . It can be seen, the MSE of proposed method is closed to the CRB even at the lower SNR.
Conclusions
Analyzing the definition and characteristics of the FRFT, a novel DOA estimation algorithm has been presented. In the implementation of the method, mask operation is introduced to simply the filtering procedure with no accuracy degradation. Demodulation operation is used to extend the application range of the traditional estimate method without performance loss. Compared with other methods, the veracity has certain improvement while the cross-terms and interpolation are avoided. The theoretical analyses about the MSE and CRB are also provided and verified by simulation results thus making this method more reliable in theory and in practice, meanwhile enrich the principle and application of the FRFT.
